In multi-scalar field cosmologies new dynamical degrees of freedom are introduced which can explain the observational phenomena. Unlike the usual scalar field theory where a single scalar field is considered, the multi-scalar field cosmologies allow more than one scalar field and exhibits interetsing consequences, such as quintom, hybrid inflation etc. The current work studies the existence of exact solutions and integrable dynamical systems in multi-scalar field cosmology. We present the exact analytic solutions for a system of N -scalar fields. In particular, we consider a multi scalar field cosmological scenario comprised of N -scalar fields that are minimally coupled to the Einstein gravity. The geometry of the universe is described by the spatially flat homogeneous and isotropic line element and the scalar fields may interact in their kinetic or/and potential terms. Within this set up, we show that for a specific geometry in the kinetic part of the scalar fields and specific potential form, the gravitational field equations for the class of N -scalar field models can be exactly solved. More specifically, we show that the Einstein field equations in N -scalar field cosmology can be reduced to that of a (N + 1) linear system. 95.35.+d, 95.36.+x 
INTRODUCTION
Scalar fields play a significant role in cosmological studies because they can describe various phenomena of our universe such as the inflationary era (inflaton), the late time acceleration (dark energy), the dark matter component in the universe, unification of early inflation to late acceleration [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Scalar fields are defined to be either minimally or non-minimally coupled to the gravity [16] [17] [18] [19] [20] while they can also attribute, in a dynamical way, the higher-order derivatives of modified theories of gravity, the later is achieved with the use of Lagrange multipliers [21] [22] [23] [24] [25] . Moreover, scalar fields also play an essential role in the conformal transformation which relates the Einstein and the Jordan frames [26] ; hence, their study is important in order to understand the physical properties of the conformal transformations and also the relation of solutions between the different frames [27] [28] [29] .
In the present work we concentrate on a specific cosmological scenario which has drawn a remarkable attention to the scientific society in last several years − is the multi-scalar field theory. In particular, two or more scalar fields which in general interact through their potential or/and kinetic terms, have been considered earlier to describe the evolution of the universe. The multi-scalar field models provide new degrees of freedom which can be used to connect with the phenomena described in string theory to cosmology and phenomenology [30, 31] . Furthermore, the multi-scalar fields can also be defined in the Einstein and in the Jordan frames. In the later scenario, they describe tensor multi-scalar field models [32] . An interesting connection of the tensor multi-scalar field models is that they are related to the multi-dimensional cosmologies [33] .
The simplest multi-scalar field theory is the quintom theory in which the two scalar fields, namely a quintessence scalar field and a phantom scalar field contribute to the dark sector, specifically the dark energy sector of the universe [34] [35] [36] [37] . One of the main properties of such quintom models is that the equation-of-state parameter for the dark energy fluid is able to evolve across the cosmological constant boundary '−1' [34] . Moreover, multi-scalar field models are considered for the description of the early accelerated expansion of the universe [38] [39] [40] , such as hybrid inflation, double inflation, α-attractors etc., as these models can provide a different exit from the standard inflationary era [41] [42] [43] [44] [45] [46] . Hybrid inflation [38] is described by a two-scalar fields model where the one field describes the inflaton and the second field is an auxiliary Higgs-type field. In such a inflationary model the exit from the inflation is described by a waterfall regime where the second field is rapid rolling when inflaton reaches a specific value [47] . Other cosmological applications of multi-scalar field models with or without the interaction in their kinetic and/or potential terms can be found in [49] [50] [51] [52] [53] [54] [55] [56] [57] and also in the references therein. Additionally, the multi-scalar fields model can also describe the different states for the matter source of the universe; for instance, the multi-scalar fields can describe the dark sector, i.e., dark energy and dark matter, while the interaction terms between the scalar fields provide an interaction between the different fluid terms. In terms of the phenomenology, this kind of interactions provide viable cosmological parameters [58] [59] [60] .
Concerning analytic solutions of the gravitational field equations, there are various analytic and exact solutions in the literature on the scalar field cosmologies described in homogeneous spacetimes. Most of the solutions correspond to a Friedmann-Lemaître-Robertson-Walker (FLRW) geometry [61] [62] [63] [64] [65] [66] while only a few analytic solutions are known for anisotropic Bianchi spacetimes [67, 68] . In the case of multi-scalar field scenarios, there are a small number of exact and analytic solutions known in the literature with or without the interaction between the scalar fields [69] [70] [71] [72] [73] [74] [75] [76] [77] .
In this work we discuss a family of exact solutions for N -scalar field cosmologies where the scalar fields interact in the kinetic and in the potential terms. In particular, we have seen that the scalar fields are defined in a hyperbolic geometry, i.e., in a space of negative constant curvature, and when N = 2, they reduce to the sigma models [78] , which have various applications in inflation [75] as well as in the late-time accelerating phase of the universe [79] . The plan of the paper is the following.
In Section 2, we present the gravitational field equations of multi scalar field models in a spatially flat FLRW geometry. In Section 3 we describe the exact analytical solutions for such multi scalar field cosmologies. Finally, in Section 4 we conclude the present work with a brief summary.
MULTI-SCALAR FIELD COSMOLOGY
The recent observations support the cosmological principle that means in large scales our universe is isotropic and homogeneous [80] . Thus, in the context of General Relativity the natural spacetime is described by the FLRW geometry. Moreover, the FLRW universe with zero spatial curvature is preferable by the recent observational evidences [81] , which leads the spacetime to be described by the following line element
where a(t) is the expansion scale factor of the universe. We consider the Action Integral
where L Φ Φ β , ∇Φ β describes the Lagrangian of the N -scalar fields given by the following expression
where µ, ν = 1, 2, 3, 4 and A, B = 1, 2...N. The tensor g µν denotes the natural spacetime and J AB Φ C describes the space in which the N -fields are defined. For instance, for N = 2, quintom model is recovered when J AB Φ C = (1, −1), while the σ−model is recovered when J AB Φ C = 1, e 2Φ1 . At this point we would like to remark that these are not the only choices where the quintom model or the σ-model are recovered. In particular, for every second rank tensor J AB Φ C which defines the M 2 space, quintom model is recovered, but for different functional forms of the potential function V Φ C . On the other hand, when J AB Φ C describes a maximally symmetric space with negative curvature, the σ-model is recovered. Now, the variation of the Action Integral (2) with respect to the metric tensor provides the Einstein field equations
in which the energy-momentum tensor assumes the following expression
while the variation of the Action Integral (2) with respect to Φ A gives
For the line element (1) and by assuming that the N -fields inherit the isometries of the FLRW spacetime, the field equations (4), (6) are simplified as follows
where an overhead dot means the derivative with respect to the variable "t"; H ≡ȧ/a is the Hubble function of the FLRW universe andΓ
The field equations can be written, in an equivalent way, in terms of the energy density ρ Φ and pressure p Φ as
andρ
in which the energy density and the pressure of the scalar field, respectively given by
describe the components of the total fluid source, that is
where the definitions of
depend on the assumptions for the model of study every time. However, the time evolution of the total fluid source and of the scalar field is independent from the definition of the energy density for the individual fields.
The field equations (7)- (9) are not independent. The first-order equation (7) can be seen as a conservation law for the second-order equations (8)- (9) . That means, the integration constants of a solution of (8)- (9) are constrained by eq. (7). Moreover, the degrees of freedom of the field equations (8)- (9) is (N + 1), and because equation (7) is a conservation law, thus, one needs to find the N -linear independent integrals of motion, which are in involution, in order to determine (Liouville-Arnold) integrability, and consequently, to write the solutions in closed-form expressions.
Thereafter, in order to determine the exact and analytic solutions for the model of our consideration we should determine the conservation laws. That can be achieved by many ways, however, two of the most systematic ways are the Lie theory and the singularity analysis. These two theories provide new constraints for the determination of the unknown functions of our model, namely, J AB Φ C and V Φ C , which lead to integrable systems [73, [82] [83] [84] . In contrast to that approaches, in this work we follow the inverse steps. Specifically, we consider "classical" wellknown integrable systems and then we determine the equivalent multi-scalar field models.
EXACT SOLUTIONS
We start our discussions on the exact solutions with the simplest possibility as follows. It is well known that the cosmological constant Λ is the simplest candidate for the dark energy fluid which drives the accelerating phase of the universe, and it has been found to be in well agreement with a series of astronomical observations. While it is well known that Λ suffers from two major problems, namely, the fine-tuning and the coincidence problems [85, 86] , but we recall that it is a dark energy model with a minimal degrees of freedom. Moreover, in this context, the evolution of the scale factor is given by an exact expression, and in particular by an exponential function.
In Λ-cosmology, assuming the absence of any matter source, the field equations are
The latter system describes the de Sitter universe where a (t) = a 0 exp 2Λ 3 t . While expression (17)- (18) is a set of nonlinear differential equations that can be linearized under the change of variables a (t) = r (t)
These linear equations form a maximally symmetric system [88] which is nothing else than the one-dimensional "oscillator" (hyperbolic for Λ > 0, harmonic for Λ < 0).
1 + 1 degrees of freedom
The quintessence UDM (unified dark matter) cosmological models [89] [90] [91] [92] provide a de Sitter point in the evolution of the universe as a late-time attractor while they can also provide a component in the Hubble function similar to that of the pressureless fluid term. In Ref. [92] , it has been shown that the UDM scalar field model is in a fair agreement with that of the Λ-cosmology at the background and perturbation levels, while some recent cosmological constraints show that the UDM model as the dark energy candidate is observational supported [65] .
Except from the above physical properties, the UDM scalar field model has an important mathematical property − it is integrable as is described by the Liouville-Arnold theorem. The potential function of the UDM model is given by the expression
while the field equations can be written in a linear form under the point transformation [65]
as follows
x − ω . At this point it is important to remark that the same property holds either when φ is a phantom scalar field 1 .
1 When φ is a phantom field, the corresponding UDM potential is V (φ) = V 0 + V 1 cos 2 3 8 φ and the point transformation which linearizes the field equations is defined as a 3 = 3 8
However, the most generic 1+1 dimensional Lagrangian which describes a linear system is
with Euler-Lagrange equationsẍ
where also we consider the constraint
Under the inverse point transformation (21), the Lagrangian (24) becomes
The latter potential reduces to the UDM model when µ= 0. Hence, we can see that by considering the Lagrangian which defines the most general linear system of second-order differential equations, we are able to construct a new integrable scalar field model.
As far as concerns the generic solution of (25) that is given with the use of the exponential matrix. Indeed system (25) can be written as
whose general solution is, x = x 0 e At , where A is the 4 × 4 matrix of the latter system and x 0 is the matrix x at t = 0. Hence, the Jordan representation of matrix A defines the generic solution of the field equations, recall that the Jordan representation depends on the free parameters ω 1 , ω 2 and µ 2 . Now in the simplest case where ω 1 = ω 2 = 0, the generic solution of system (25) 
where the constraint equation (27) provides the algebraic equation c 1 c 4 − c 2 c 3 = 0 and ω = √ 2µ 2 . Consequently, the latter solution provides a bouncing universe.
2 + 1 degrees of freedom
Let us consider the Lagrangian function
which describes the linear systemẍ
with constraint equation the conservation law of "energy" for the latter system to be zero. The generic solution of the latter system is given with the us of the exponential matrix, x = x 0 e At , in which x = (x, y, z, p x , p y , p z ) 
Under the point transformation
The Lagrangian (31) takes the following form
The latter Lagrangian describes the field equations for a two-scalar fields model where the two scalar fields interact in the kinetic terms and in the potential terms as well. In particular, the scalar fields are defined in the hyperbolic plane. The latter model for µ 1 = µ 2 = µ 3 = 0, has been found and studied before in [73] and it is an extension of the UDM model in the case of two scalar fields.
In a similar fashion we continue with the extension of the exact solutions in higher-degrees of freedom.
N + 1 degrees of freedom
In order to generalize our results in case of N -scalar fields we assume the Lagrangian
which describes the following system of linear equations
Moreover, we consider the constraint condition
The latter condition is important in order the generic solution of (38)- (39) to be valid for the case of multi-scalar fields model. Hence, system (38)- (39) can be written in the equivalent forṁ
with X = (x, y β , p x , p β ) T , and
in which I is the unitary matrix of dimension (N + 1) andB is an (N + 1) × (N + 1) matrix defined as
Thus, the functional form of the solution of system (41) depends on the eigenvalues of the matrix B, and consequently on the values of the free parameters ω and µ.
We consider the point transformation 
where the Lagrangian (37) takes the following form
The above Lagrangian stands for the multi-scalar fields cosmology which is equivalent to the linear system (41). According to our knowledge, probably this is the first analytic solution for n-interacting scalar field cosmologies presented in the literature.
CONCLUSIONS
The theory of scalar fields has enriched the understanding of the universe evolution in various ways. From early evolution of the universe to its current state, scalar field theory has played an essential role [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . In particular, the early inflationary scenario, the intermediate matter dominated era, late time accelerating phase as well as the unification of these two accelerating eras have been widely framed into this picture. Usually, in scalar field theory, we consider a single field with a potential, however, the scalar field theory consisting of multiple scalar fields are equally welcome and have been found to offer some exciting results in the context of universe evolution. It has been found that a system of two scalar fields can describe some interesting cosmological consequences, such as the crossing of the cosmological constant boundary '−1' (known as quintom models [34] [35] [36] [37] ) which for a single scalar field model is impossible since the single scalar field models can only describe either the quintessence or the phantom regime. Moreover, these multi-fluid models are also able to explain the early inflationary universe (known as hybrid inflation) [38] [39] [40] with a different graceful exit compared to the standard inflationary paradigm [41] [42] [43] . Thus, in many ways, multi-scalar field models are potentially enriched.
In the present work, we have investigated the exact solutions for minimally coupled multi-scalar field models. So far we are concerned with the literature, this is the first time we have presented the exact solutions for the multi-scalar field models. Assuming a spatially flat FLRW geometry of the universe with N -number of minimally coupled scalar fields in the context of Einstein gravity, we show that the gravitational field equations can be exactly solved where the component scalar fields may interact with one another via their kinetic and/or potential terms.
The study of the integrability of that cosmological model is important when we would like to study them using numerical simulations. We can easily infer that the solutions are not sensitive on the initial conditions which means that the conclusions which can be made are valid for different initial conditions. On the other hand, these exact solutions can be used as toy models for the general study of some families of multi-scalar field cosmologies.
The cosmological evolution of these models, and the application of the exact solutions for the study of various phases of the universe are a subject of special study, but exceeds the scope of this work. Such an analysis will be published in a forthcoming work.
